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Collective modes in multicomponent condensates with anisotropy
Sukla Pal, Arko Roy,∗ and D. Angom
Physical Research Laboratory, Ahmedabad-380009, Gujarat, India
We report the effects of anisotropy in the confining potential on two component Bose-Einstein condensates
(TBECs) through the properties of the low energy quasiparticle excitations. Starting from generalized Gross
Pitaevskii equation, we obtain the Bogoliubov de-Gennes (BdG) equation for TBECs using the Hartree-Fock-
Bogoliubov (HFB) theory. Based on this theory, we present the influence of radial anisotropy on TBECs in the
immiscible or the phase-separated domain. In particular, the TBECs of 85Rb -87Rb and 133Cs -87Rb TBECs are
chosen as specific examples of the two possible interface geometries, shell-structured and side by side, in the
immiscible domain. We also show that the dispersion relation for the TBEC shell-structured interface has two
branches, and anisotropy modifies the energy scale and structure of the two branches.
PACS numbers: 03.75.Mn,03.75.Hh,67.60.Bc,67.85.Bc
I. INTRODUCTION
The physics of trapped ultra-cold atoms, specifically the
Bose Einstein condensate (BEC), is replete with novel phe-
nomena emerging from the atom-atom interactions, trap ge-
ometry, quantum and thermal fluctuations, topological de-
fects, spatial dimensions and so on. In particular, the ge-
ometry of the confining potential has a strong impact on the
density profiles of the single component as well as on the
multi-component BECs. An example is, in a three dimen-
sional (3D) harmonic potential, if the axial frequency (ωz) is
much larger than the radial frequencies (ωx = ωy = ω⊥),
the condensate is effectively 2D with pancake shaped density
profile. The symmetric radial frequencies is an ideal situation,
and in experiments, there are deviations from symmetry due
to practical limitations of the various components. For exam-
ple, the pioneering experiments on BECs [1, 2] were done in
anisotropic trap. Thus, it is of practical importance to consider
anisotropic radial confinement (ωx 6= ωy) and examine the
deviations from the symmetric case. With this consideration,
in the present work, we study the effects of radial anisotropy
arising from the confining potential at zero temperature. An
immediate consequence of the anisotropy is the change of in-
terface geometry of the multicomponent condensates at phase-
separation.
The inter-atomic interactions play dramatic role in low
dimensional, quasi 1D and 2D, BECs of trapped atomic
gases. With quasi low dimensional BECs, there are excita-
tions unique to each which do not have an analogue in the
higher or lower dimensional BECs. In our previous works, we
characterized the low energy excitation modes for quasi 1D
[3] and quasi 2D [4] BEC. Apart from this, in the TBECs the
miscible-immiscible phase transition has strong dimensional
dependence. At zero temperature, the condition of phase sep-
aration under Thomas-Fermi (TF) approximation is given by
the inequality U212 > U11U22 [5–7].
In this work, we report the transition from circular to pla-
nar interface with increased anisotropy [8, 9] in the TBECs
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with shell structured density configuration in the immiscible
domain. We also demonstrate that the transformation in the
interface geometry leads to a change in the low energy exci-
tation modes. As a representative example of the shell struc-
tured interface we choose 85Rb -87Rb TBEC which is exper-
imentally well studied [10, 11]. The other density configura-
tion of a TBEC in the immiscible domain is the side by side
density profiles. For this case as well, we show that the pres-
ence of anisotropy leads to distinct structures of the density
profiles in the immiscible domain. This is accompanied by
the changes in the low energy BdG spectrum and structure
of the quasiparticle amplitudes. We consider the 133Cs -87Rb
TBEC [12] as a representative example for this case.
The dispersion relation is the key to understand how the
TBEC responds to external perturbations. So, to relate theo-
retical investigations with experimental findings, it is essential
to determine how the dispersion relation of TBECs change
with anisotropy. In this context analysing the observations
from the Bragg Bogoliubov spectrum which in turn necessi-
tates knowledge of dispersion relations. Theoretically, dis-
persion relation for BEC has been investigated in the analytic
framework [13]. In addition, there are several numerical com-
putations of the dispersion relations in finite sized BEC [14–
16] in presence of roton like spectrum. The dispersion rela-
tions and characterization of excitation modes both in single
component BEC [17] and TBEC [18] have been investigated
in the miscible and immiscible (side by side configuration)
phases. In the present study, we study dispersion relations in
the immiscible phase for both the side by side and shell struc-
tured density configurations. More important, the effect of
radial anisotropy on dispersion relations are investigated for
both the configurations. A recent work [19] has also reported
the pathway from condensation towards fragmentation arising
from the anisotropy of the confining potential. We also ob-
serve anisotropy enhanced fragmentation of the outer species
in a shell structured immiscible TBEC.
The purpose of this paper is to present a systematic study
to capture the influences of radial anisotropy in segregated
condensate mixtures. This paper is organized as follows. In
Sec. II we provide a brief description of the HFB-Popov for-
malism for quasi-2D BEC. We then give the discrete disper-
sion relation used in the numerical computations. The results
and discussions are presented in Sec. III for two representa-
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2tive TBECs, namely 85Rb -87Rb and 133Cs -87Rb TBECs.
Sec. III A presents the discussions on the effects of radial
anisotropy on density profiles and mode evolution of 85Rb -
87Rb TBEC in immiscible regime. This is followed with com-
putation of dispersion relation and the consequences of radial
anisotropy on it presented in Sec. III B. In the next two sec-
tions, Sec. III C and Sec. III D, we discuss the density pro-
file, mode evolution and dispersion relation of the 133Cs -87Rb
TBEC. We, then, end the main part of the paper with conclu-
sions in Sec. IV.
II. THEORY
Mean field calculations based on Popov approximation
to Hartree-Fock Bogoliubov theory (HFB) has been of
paramount importance in determining the finite temperature
effects and frequencies of collective excitations. To start with,
we briefly describe the HFB theory for a quasi-2D (pancake
shaped) TBEC trapped in an anisotropic harmonic potential.
This implies that the frequencies of the harmonic potential sat-
isfies the conditions ωx, ωy  ωz and ωx 6= ωy . So, the
confining potential is of the form
Vk(x, y, z) = (1/2)mkω
2
x(x
2 + α2y2 + λ2z2), (1)
where, α = ωy/ωx, and λ = ωz/ωx are the anisotropy param-
eters. In terms of these parameters the requirement to have a
quasi-2D geometry is λ  1, ~ωz  µk. This strongly con-
fines the motion of the trapped atoms along the z-axis and
in this direction the atoms are frozen in the ground state [20].
However, excitations are allowed along the xy-plane and mak-
ing the system kinematically 2D. Under the mean field ap-
proximation, a quasi-2D TBEC of interacting bosons is de-
scribed by the grand-canonical Hamiltonian
Hˆ =
∑
k=1,2
∫∫
dxdyΨˆ†k(x, y, t)
[
− ~
2
2mk
∇2⊥ + Vk(x, y)− µk
+
Ukk
2
Ψˆ†k(x, y, t)Ψˆk(x, y, t)
]
Ψˆ(x, y, t) + U12
∫∫
dxdy
×Ψˆ†1(x, y, t)Ψˆ†2(x, y, t)Ψˆ1(x, y, t)Ψˆ2(x, y, t), (2)
with k = 1, 2 denoting the species index, Ψˆk (Ψˆ
†
k) are the
Bose field annihilation (creation) operators of the two species,
and µks are the chemical potentials. In quasi-2D, Ukk =
2akk
√
2piλ and U12 = 2a12
√
2piλ(1 +m1/m2) are the intra-
species and inter-species interactions, respectively. Here, akk,
a12 are the s-wave intra- and interspecies scattering lengths.
In the present work we consider only repulsive interactions
and hence, akk > 0, a12 > 0. From the Hamiltonian in
Eq. (2), the dynamics of Bose field operators are given by the
coupled equations
i~
(
˙ˆ
Ψ1
˙ˆ
Ψ2
)
=
(
hˆ1 + U11Ψˆ
†
1Ψˆ1 U12Ψˆ
†
2Ψˆ1
U12Ψˆ
†
1Ψˆ2 hˆ2 + U22Ψˆ
†
2Ψˆ2
)(
Ψˆ1
Ψˆ2
)
, (3)
where, hˆk = (−~2/2mk)∇2⊥ + Vk(x, y) − µk is the single-
particle part of the Hamiltonian.
When the temperature is below the critical temperature
(Tc), majority of the atoms occupy the ground state to form
a condensate. Thus for T  Tc following the Bogoli-
ubov decomposition, the Bose field operator can be expressed
as the sum of condensate part and the fluctuations over it
Ψˆk = φk + ψ˜k, where φk = 〈Ψˆk〉s are the c-fields repre-
senting each of the condensate species, and ψ˜ks are the corre-
sponding non-condensate densities or fluctuations which may
be either quantum or thermal in nature. By definition the fluc-
tuation operators satisfy the condition 〈ψ˜k〉 = 〈ψ˜†k〉 = 0. In
addition, on the application of time-independent HFB-Popov
approximation [21], Eq. (3) reduces to the coupled general-
ized Gross-Pitaevskii (CGGP) equations
hˆkφk + Ukk [nck + 2n˜k]φk + U12n3−kφk = 0, (4)
where, φks is the stationary solutions of CGGP with
nck(x, y) ≡ |φk(x, y)|2, n˜k(x, y) ≡ 〈ψ˜†(x, y, t)ψ˜(x, y, t)〉
and nk(x, y) = nck(x, y) + n˜k(x, y) represent the local con-
densate, non-condensate and total density respectively. Em-
ploying Bogoliubov transformation, fluctuations ψ˜k and its
complex conjugate ψ˜†k are expressed as the linear combination
of quasiparticle creation (αˆ†j) and annihilation (αˆj) operators
[18]
ψ˜k =
∑
j
[
ukj(x, y)αˆje
−iεjt/~ − v∗kj(x, y)αˆ†jeiε
∗
j t/~
]
,
ψ˜†k =
∑
j
[
u∗kj(x, y)αˆ
†
je
iε∗j t/~ − vkj(x, y)αˆje−iεjt/~
]
,
(5)
where j is the index representing the sequence of the quasi-
particle excitation. The quasiparticle creation and annihila-
tion operators satisfy the usual Bose commutation relations.
ujk and vjk are complex functions and denote the Bogoliubov
quasiparticle amplitudes with the normalisation∫∫
dxdy
∑
k
(|uk(x, y)|2 − |vk(x, y)|2) = 1. (6)
Considering all the above decompositions and transforma-
tions, the equation of motion of the fluctuation operator are
Lˆ1u1j − U11φ21v1j + U12φ1 (φ∗2u2j − φ2v2j) = εju1j , (7a)
Lˆ1v1j + U11φ∗21 u1j − U12φ∗1 (φ2v2j − φ∗2u2j) = εjv1j , (7b)
Lˆ2u2j − U22φ22v2j + U12φ2 (φ∗1u1j − φ1v1j) = εju2j , (7c)
Lˆ2v2j + U22φ∗22 u2j − U12φ∗2 (φ1v1j − φ∗1u1j) = εjv2j , (7d)
which are referred as the Bogoliubov-de-Gennes equations
for the quasi-2D TBEC system [22, 23] with Lˆ1 =
(
hˆ1 +
2U11n1 + U12n2), Lˆ2 =
(
hˆ2 + 2U22n2 + U12n1
)
and Lˆk =
−Lˆk.
To solve Eq. (7), ukjs and vkjs are written as a lin-
ear combination of the harmonic oscillator eigenstates and
the Bogoliubov-de-Gennes matrix (BdGM) constructed from
Eq. (7) is diagonalized. Eq. (7) along with Eq. (4) are known
as Hartree-Fock Bogoliubov (HFB) equations and need to be
3solved self consistently. The solutions are the order parame-
ters φks and the non-condensate densities n˜ks. The thermal
components, in terms of the quasiparticle amplitudes, are
n˜k =
∑
j
[
(|ukj |2 + |vkj |2)N0(εj) + |vkj |2
]
, (8)
where,N0(εj) = (eβεj−1)−1 with β = 1/(kBT ) is the Bose
factor of the jth quasiparticle mode at temperature T . As
T approaches to zero, the role of thermal fluctuations grad-
ually diminishes. At T = 0, thermal fluctuations is absent
and the non-condensate density arises only from the quantum
fluctuations, which is evident from Eq. (8) as it is reduced to
n˜k =
∑
j |vkj |2 at T = 0. Our studies show that the n˜k
arising from the quantum fluctuations does not produce sig-
nificant changes in the BdG spectrum, and so, we avoid the
condition of self-consistency at zero temperature. The details
of the numerical scheme adopted to compute the Bogoliubov
quasiparticle amplitudes and fluctuations has been elaborated
in Ref. [24].
The dispersion relations determine the response of a phys-
ical system when subjected to external perturbations. For the
present work, the change in the geometry of the interface in a
TBEC arising from a change in the anisotropy of the confining
potential affects the energies and amplitudes of the quasipar-
ticle excitations. In the limit of low α, the TBECs consist of
three topologically connected fragments. The dispersion re-
lation is thus expected to change. To define the dispersion
relation we compute the root mean square of the wave num-
ber krms of each quasiparticle mode, and the results describes
a discrete dispersion relation. Following Refs. [14, 18], the
krms of the jth quasiparticle is
krmsj =
{∑
i
∫
dkk2[|uij(k)|2 + |vij(k)|2]∑
i
∫
dk[|uij(k)|2 + |vij(k)|2]
}1/2
. (9)
It is to be noted here that krmsj are defined in terms of the
quasiparticle modes corresponding to each of the constituent
species defined in the k or momentum space through the index
i = 1, 2. It is then essential to compute uj(k) and vj(k), the
Fourier transform of the Bogoliubov quasiparticle amplitudes
uj(x, y) and vj(x, y), respectively. Once we have krmsj for
all the modes we obtain a dispersion curve, and we can then
examine how the change in the condensate topology modifies
the dispersion curve.
III. RESULTS AND DISCUSSIONS
In a trapped quasi-2D TBEC, the low-lying BdG spectrum
supports two Goldstone modes for each of the condensate
species due to breaking of U(1) global gauge symmetry. The
two lowest modes corresponding to each of the species with
non zero excitation energies are called the dipole modes. The
dipole modes which oscillate out-of-phase with each other
are called slosh modes. In-phase slosh modes with center-
of-mass motion are called the Kohn modes. The frequency of
the Kohn mode is independent of the type of interactions and
interaction strength as well. The presence of the Kohn modes
in the trapped system follows from Kohn’s theorem [25, 26].
According to the theorem BEC in a confining potential must
have a mode in which the centre of mass oscillates with the
frequency of the confining potential. However, in a magnetic
trap in the vicinity of the Feshbach resonance [27] and in few-
electron parabolic quantum dots doped with a single magnetic
impurity [28], there are deviations from Kohn’s theorem.
A variation in the interaction strength drives the TBEC
system from immiscible to miscible configuration or vice
versa. In addition, it can induce dynamical instability result-
ing in the swapping of the species. But, the radial anisotropy
can alter the equilibrium density distribution of the ground
state and modify the evolution of low lying mode energies.
Among the low lying modes of the BdG spectrum, the dipole
(Kohn/slosh) and quadrupole modes have dominant contribu-
tion to n˜ at T ∼ 0K and hence we examine these modes detail.
The transformation of these modes due to radial anisotropy is
one of the primary issues addressed in this paper, and as ex-
ample we consider specific systems.
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FIG. 1. (Color online) Equilibrium condensate density profiles of
85Rb -87Rb TBEC at zero temperature for three different values of
α (α = 1.0, 0.8, 0.5). a11 is kept fixed at 10a0 . (a)-(c) Equilibrium
density profiles corresponding to 85Rb. (d)-(f)Equilibrium density
profiles corresponding to 87Rb. nc is measured in units of a−2osc and
the spatial coordinates x and y are measured in units of aosc.
A. Mode evolution of 85Rb -87Rb BEC mixture
In this section, we consider the TBEC of homonuclear
atoms at zero temperature with shell structured density pro-
file in immiscible domain. We choose 85Rb -87Rb TBEC
as a representative example. For convenience, we desig-
nate atoms of 85Rb and 87Rb as species 1 and 2, respec-
tively. The intra-species scattering length of 87Rb atoms has
the value a22 = 99a0, and the inter-species scattering length
a12 = 214a0. We consider equal number of atoms for the
two species, i.e, N1 = N2 = 5000 and the quasi-2D Rb-
Rb TBEC that we considered here is obtained with trapping
parameters λ = 12.5 and ωx = 2pi × 8.0Hz [29]. Here, it
is to be emphasized that the background intra-species scat-
4tering length of 85Rb (a11) is negative, and to obtain BEC of
85Rb it is essential to tune the scattering length to positive val-
ues using magnetic Feshbach resonance [30]. For the present
work we perform our calculations for three different values of
a11 = 10a0, 50a0, 180a0. With this specific set of trapping
and interaction parameters, at equilibrium, the ground state of
the TBEC is phase-separated with shell structured density pro-
file. For α = 1, (i.e., for ωx = ωy) the TBEC is rotationally
symmetric and the interface separating the two condensates
is circular. However, for α < 1 the rotational symmetry is
broken with the density profile of the condensates elongated
along y direction and as α is decreased the interface trans-
forms from circular to planar
0.50.60.70.80.91.0
α
0.0
0.5
1.0
1.5
2.0
2.5
ω
/ω
x
FIG. 2. (Color online) The evolution of low-lying quasiparticle
modes in the phase separated domain of 85Rb -87Rb TBEC as a
function of α in the domain 0.5 ≤ α ≤ 1.0 for a11 = 10a0 at
zero temperature with N1 = N2 = 5000.
In Fig. 1 we show the equilibrium condensate density pro-
files for a11 = 10 a0 for α = 1.0, 0.8 and 0.5. As the pro-
files show TBEC is phase-separated with 85Rb atoms lying at
the center surrounded by the 87Rb atoms. With decreasing α,
the density profiles are modified and are fragmented at lower
values of α. In the figure, the fragmentation is discernible for
α = 0.5, where the condensate density profile of 87Rb appears
to consist of two symmetric lobes equidistant from the origin.
For all the three cases, 85Rb condensate remains at the core
and with lower values of α it expands along y-direction and
changes its geometry from circular to ellipse with y-axis be-
ing the major axis. The change in the density distribution also
affects the quasiparticle excitation spectrum. For a11 = 10a0,
the quasi particle mode evolution as a function of α is shown
in Fig. 2. As seen from the figure the degeneracies of the mode
energies are lifted when α < 1. For the dipole mode, as the
degeneracy is lifted the Kohn mode remains steady at ω = ωx
whereas the energy of the slosh mode decreases.
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FIG. 3. (Color online) Equilibrium condensate density profiles of
85Rb -87Rb TBEC at zero temperature for three different values of
α (α = 1.0, 0.8, 0.5). a11 remains fixed at 50a0 . (a)-(c) Equilib-
rium density profiles corresponding to 85Rb (d)-(f)Equilibrium den-
sity profiles corresponding to 87Rb. Equilibrium condensate density
nc is measured in units of a−2osc and the spatial coordinates x and y
are measured in units of aosc.
For the isotropic case ( α = 1) the 85Rb -87Rb TBEC is
dynamically unstable in the region 50a0 6 a11 6 150a0 [24].
The presence of anisotropy affects the dynamical instability of
the mixture and with the increase of α instability decreases.
Thus, both the onset of instability and the radial anisotropy
can have a major influence on the equilibrium density profile
at a11 = 50a0. As shown in Fig. 3, the density profiles do
exhibit a transformation as a function of α at a11 = 50a0.
The equilibrium density profile in Fig. 3(f) shows that unlike
Fig. 1, the two lobes of 87Rb are disconnected. In addition,
when a11 > a22, the species swaps their positions and the
density profile of 85Rb -87Rb TBEC has similar configuration
as was for a11 < a22. For example, with a11 = 180a0 and
a22 = 99a0, the equilibrium density profile of 85Rb -87Rb
TBEC has the similar configuration as shown in Fig. 1 but
with species positions interchanged. To examine the further,
the low lying mode energies are shown as a function of α in
Fig. 4. Unlike in the case of a11 = 10a0 there is a doubly de-
generate zero energy mode. In addition, some of the low-lying
modes show a decrease in energy up to α ≈ 0.7, and increase
for α < 0.7. The important point to note is that the new zero
energy mode remains degenerate upto α = 0.65. But, for
α < 0.65 the degeneracy is lifted and the mode energy bifur-
cates into two branches. One branch continues to be the zero
energy mode, where as the other branch becomes hard. Sim-
ilarly, the doubly degenerate quadrupole mode with energy
~ω ≈ 0.6~ωx at α = 1 continue to soften and at α ≈ 0.8 the
degeneracy is lifted creating two branches. For α < 0.8, both
the branches continue to soften but at α ≈ 0.7 the branches
start to harden. The hardening and softening of the low energy
quasiparticle modes have also been observed around the point
of phase separation of TBECs in optical lattices [31, 32], and
due to the change in the geometry and topology of the confin-
ing potential [4].
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FIG. 4. (Color online) The evolution of low-lying mode energies as
a function of α in the phase separated domain of 85Rb -87Rb TBEC
at zero temperature. α is varied in the domain 0.5 6 α 6 1.0 while
a11 is kept fixed at 50a0. For 85Rb -87Rb TBEC, it is a domain of
interest since dynamical instability sets in at a11 = 50a0 for N1 =
N2 = 5000.
B. Excitations and dispersion relations for 85Rb -87Rb TBEC
The dispersion curves are computed based on Eq. (9). This
involves computing the krms of the jth quasiparticle, and then
the corresponding quasiparticle mode energies are plotted as
function of the krms. In the miscible domain the dispersion
curve is expected to be devoid of structures as the quasiparti-
cle amplitudes of the component BECs are similar. However,
in the immiscible domain the vastly different density distri-
butions of the two species lead to diverse quasiparticle am-
plitude structures. And, this can manifest as structures in the
dispersion curves. As a specific example, consider the case of
shell structured immiscible density distribution of 85Rb -87Rb
TBEC. In spite of rotational symmetry, due to immiscible do-
main the dispersion curves shown in Fig. 5 exhibit complex
trends.
In Fig. 5(a) the dispersion relation at α = 1.0 for 85Rb -
87Rb TBEC in immiscible (sandwich) domain with a11 =
10a0 is shown. The dispersion curve has two well separated
branches: the upper branch starts at≈ 6.35~ωx and the lower
branch starts close to zero energy. This is in contrast to the
dispersion relations reported for the immiscible TBEC with
side by side configuration. One important reason to study dis-
persion curves is to identify modes with different characteris-
tics. In the present case the two well separated modes corre-
spond to two different classes of excitations: the interface and
bulk excitations. To analyze these two branches in better de-
tail we plot selected quasiparticle amplitudes from these two
branches. For the lower branch, the quasiparticle amplitudes
of the modes marked with red empty circle (©) are shown in
Fig. 6. These modes with low-k have high energies and are
localized at the interface of the two species.
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FIG. 5. (Color online) (a) The dispersion relation for immiscible
(shell structured) 85Rb -87Rb TBEC at a11=10a0 when α = 1.0.
In this plot the dispersion curves can be broadly classified into two
broadly separated branches. The quasi particle amplitudes corre-
sponding to the upper branch marked with red empty circles (©) are
shown in Fig. 6. For the lower branch the quasi particle amplitudes
is shown in Fig. 7 along a particular path marked with empty black
circle (©). (b) The dispersion relation for immiscible (shell struc-
tured) 85Rb -87Rb TBEC at a11=10a0 when α = 0.8. (c) The dis-
persion relation for immiscible (shell structured) 85Rb -87Rb TBEC
at a11=10a0 when α = 0.5. As value of α is reduced from 1.0 i.e.,
radial anisotropy makes this two branches comparatively closer to
each other.
In Fig. 6(a)(i-vi) the interface excitations for 85Rb, the con-
densate species which occupies the central region, are shown.
The interface nature of the quasiparticles is discernible from
the geometry as these have non-zero values only at the inter-
face. With the increase of energy, numerical values annotated
at the top of each column, azimuthal quantum number (m)
increases. It must be mentioned that in the figures, for in-
formation the energies are listed up to the fifth decimal, and
this is not an indication of the accuracy. So, here after for the
description of the results we list only up to the second deci-
mal. To illustrate the change inm consider Fig. 6(a)(ii), which
corresponds to mode with energy 6.44~ωx and corresponds
to m = 1. Whereas the mode in Fig. 6 (a)(vi) which has
larger number of lobes and corresponds to m = 3 has energy
6.77~ωx. On the other hand, Fig. 6(b)(i-vi) show the interface
excitations for 87Rb. Since it is energetically favorable for the
outer species to expand, the quasiparticles corresponding to
87Rb are composed of four radial nodes with m being directly
proportional to the mode energy.
For the lower branch the quasiparticle amplitudes of few
specific modes marked with black empty circle (©) are
shown in Fig. 7. These are the bulk excitations of the TBEC
mixture. Like in the previous case, Fig. 7(a)(1-6) show the
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FIG. 6. (Color online) Quasiparticle amplitudes corresponding to in-
terface excitations for the immiscible (shell structured) 85Rb -87Rb
TBEC in space at α = 1.0. (a)i - vi: Quasi particle amplitudes for
species 85Rb. (b)i - vi: Quasiparticle amplitudes for species 87Rb.
Each set of quasiparticles start from small values of k (at left) and
move towards large values of k at right. In dispersion curve given in
Fig. 5(a), these points are marked with empty red circles (©). Exci-
tation energy for each set of u1(x, y) and v1(x, y) are highlighted at
the top of the u1(x, y). Here u1s and u2s are in units of a−1osc. Spatial
coordinates x and y are measured in units of aosc.
quasiparticle amplitudes for 85Rb, and Fig. 7(b)(1-6) corre-
spond to 87Rb. The modes are marked with black empty cir-
cle (©) and these trace a path in the dispersion curve from
small-k towards large-k. Along the path the quasiparticles
have one radial node and it is discernible in the quasiparticle
amplitudes of both the species. The azimuthal quantum num-
ber m increases with the increase of mode energy. The bulk
nature of the excitations is manifest from the structure of the
quasiparticle amplitudes as they coincide with the condensate
density distribution.
We find that the other modes in the upper and lower
branches have similar trends as described earlier. However,
for clarity we also examine the structure of the modes marked
in with orange square () and maroon triangle (N) in Fig. 5
given in the appendix. The modes considered have higher k
but the interface and bulk nature of the modes are discernible
from their spatial structures. To show the effect of the radial
anisotropy, the dispersion curves for α = 0.8 and α = 0.5 are
plotted in Fig. 5(b-c). From the plots we can observe that
radial anisotropy decreases the separation between the two
branches. Another important impact of higher anisotropy the
spacing of the modes in k space decreases. That is, the modes
with k in the range 1.16-3.37 is reduced to 1.00-2.71 when the
α = 0.5, and the two branches merge at larger k.
C. Mode evolution of 133Cs -87Rb BEC mixture
In this section, we consider the TBEC of heteronuclear
atoms where the density profile has side by side configuration
in the immiscible domain. As a specific example we consider
133Cs -87Rb TBEC at T = 0K, however, the results obtained
are generic to TBECs of two different atomic species. In this
system, we consider Cs and Rb to be species 1 and 2, respec-
tively. With this identification, the s-wave scattering lengths
corresponding to intra-species interactions of Cs and Rb are
aCs = a11 = 280a0 and aRb = a22 = 100a0 respectively,
where as mentioned earlier a0 denotes the Bohr radius. The
TBEC contains equal number of atoms for the two species
i.e., N1 = N2 = 2000, and the trapping parameters are the
same as considered for 85Rb -87Rb TBEC in Sec. III A. The
s-wave scattering length for inter-species interaction is taken
as aCsRb = a12 = 220a0, which is less than the background
inter-species scattering length aCsRb = 650a0 [33]. With this
value of a12, at T = 0, 133Cs -87Rb TBEC is in the immisci-
ble domain (as dictated by the condition of phase separation—
a12  √a11a22 under Thomas-Fermi limit at T = 0 ) with
side by side density configuration.
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FIG. 7. (Color online) Quasiparticle amplitudes corresponding to
bulk excitations for the immiscible (shell structured) 85Rb -87Rb
TBEC in space for α = 1.0. (a)i - v: Quasi particle amplitudes
for species 85Rb and (b)i - v: Quasiparticle amplitudes for species
87Rb. Along this branch both the species have one radial nodes but
the azimuthal quantum number increases with the increase of mode
energy. Each set of quasiparticles starts from small values of k (at
left) and move towards large values of k at right. In dispersion curve
given in Fig. 5(a), these points are marked with empty black circles
(©). Excitation energy for each set of u1(x, y) and v1(x, y) are
highlighted at the top of the u1(x, y). Here u1s and v1s are in units
of a−1osc. Spatial coordinates x and y are measured in units of aosc.
The equilibrium density profiles for side by side density
configuration are shown in Fig. 8 for different values ofα. Un-
like the general trend of no preferred orientation in the side-
by-side phase segregation with radially symmetric confining
potential, in this case the phase segregation occurs along y di-
rection. This is appropriate since α < 1.0 indicates ωy < ωx
which in turn sets y-axis as the preferred direction for the con-
densate to expand more freely and at appropriate parameter
regime, the phase segregation occurs along y. The orientation
of the interface along y direction occurs with the introduction
of pinstripe, however small it may be.
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FIG. 8. (Color online) Equilibrium condensate density profiles of
133Cs -87Rb TBEC for a12 = 220a0 at zero temperature. (a)-(c)
Equilibrium density profile corresponding to 85Rb for three differ-
ent values of α (α = 1.0, 0.8, 0.5 (d)-(f)Equilibrium density profile
corresponding to 87Rb for the same three values of α. The color bar
shows the value of nc measured in units of a−2osc. Spatial coordinates
x and y are measured in units of aosc.
In terms of the mode evolution, the immediate conse-
quences of phase segregation along y direction is the hard-
ening of the zero energy mode which emerges at phase sepa-
ration. We observe that with the decrease in α, the new zero
energy mode regains energy and this can be attributed to the
anisotropy induced stronger segregation along y direction. In
our earlier work, in a different system we had reported the ob-
servation of the hardening of third Goldstone mode in TBEC
that emerges at phase-separation, when the confining poten-
tials have separated trap centers [3].
D. Excitations and dispersion relations for 133Cs -87Rb TBEC
The dispersion curves for the 133Cs -87Rb TBEC in the im-
miscible domain with side-by-side configuration are shown in
Fig. 9. A prominent feature of the curves is that these are
devoid of any discernible trends, and this is due to the lack
of rotational, reflection or scaling symmetries. Some of the
low-energy interface modes are identified by green circles and
these are in agreement with the interface modes reported in
Ref. [18] for TBEC with side by side configuration. To study
the modes for specific k, we consider the modes at k ' 1.8
denoted by red solid triangles in Fig. 9 and the changes in
mode structures are shown as function of α in Fig. 10.
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FIG. 9. (Color online) (a) The dispersion relation for 133Cs -87Rb
TBEC in immiscible (side by side) domain at a12=220a0 when
α = 1.0. In this plot the dispersion curves can be broadly classified
into two largely separated branches. The quasi particle amplitudes
corresponding to the upper branch (near energy 6.5~ωx) is shown
in Fig. 6. For the lower branch (around energy range 1.7-2.7~ωx),
the quasi particle amplitudes is shown in Fig. 7. (b) The disper-
sion relation for immiscible (shell structured) 133Cs -87Rb TBEC
at a12=220a0 when α = 0.8. (c) The dispersion relation for im-
miscible (shell structured) 133Cs -87Rb TBEC at a12=220a0 when
α = 0.7. As value of α is reduced from 1.0 i.e., radial anisotropy
makes this two branches comparatively closer to each other.
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FIG. 10. (Color online) Quasiparticle amplitudes for the immiscible
(side by side) 133Cs -87Rb TBEC in space. (a)i - vi: Quasi particle
amplitudes for species 133Cs for a fixed value of k ' 1.8. (b)i -
vi: Quasiparticle amplitudes for species 87Rb for the same value of
k. In Fig. 5 this points are marked with red solid triangles for k =
1.8. Excitation energies corresponding to each set of u1(x, y) and
u2(x, y) are mentioned at the top of each column. Here us are in
units of a−1osc. spatial coordinates x and y are measured in units of
aosc.
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FIG. 11. (Color online) Quasiparticle amplitudes corresponding to
the interface modes marked as the green empty circle in Fig. 9 of the
immiscible (side by side) 133Cs -87Rb TBEC for α = 1.0 . (a) - (d):
Quasiparticles for the interface modes with energy 0.058~ωx.(e)-(h):
Quasiparticles for the interface modes with energy 0.402~ωx and (i)-
(l) is those with energy 0.611~ωx. Here us are in units of a−1osc. spatial
coordinates x and y are measured in units of aosc.
Fig. 11 corresponds to the localized excitation modes of
the segregated TBEC. These out-of-phase quasiparticle am-
plitudes describe the interface excitations and localized only
at the interface separating the two condensates. The strength
of quasiparticles u1(x, y) and u2(x, y) are large compared to
the quasiholes denoted by v1(x, y) and v2(x, y).
IV. CONCLUSIONS
In conclusion, we have characterized the low energy ex-
citations of phase segregated TBEC in presence of radial
anisotropy with the Bogoliubovde Gennes approach. For im-
miscible TBEC having shell structured density profile, we
have observed that the introduction of radial anisotropy mod-
ifies the structure of the interface from circular to planar. Our
studies on 85Rb -87Rb TBEC, as an example of shell struc-
tured density, shows that the interface and bulk modes have
different dispersion relations in the rotationally symmetric ge-
ometry. However, anisotropy tends to merge the the disper-
sion relations. For the side by side geometry the effect of the
radial anisotropy manifest through the breaking of rotational
symmetry and interface orients along minor axis. This follows
from energy minimization through shorter interface geometry.
For this case we have chosen 133Cs -87Rb TBEC as an exam-
ple and demonstrate that the lack of symmetry lead to a dis-
persion curve which is devoid of any discernible trends. Fur-
thermore, the effect of the anisotropy on the structure of the
quasiparticles for these two systems are examined. One im-
portant difference between the two in the immiscible domain
is, the TBEC with side by side geometry has interface modes
as the lowest-energy modes. Whereas for the shell structured
density profile the interface modes relatively higher energies.
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FIG. 12. (Color online) Quasiparticle amplitudes for the immisci-
ble (shell structured) 85Rb -87Rb TBEC in space for a particular
k ∼ 1.85. The corresponding mode energies are marked with ma-
roon triangle (N) in Fig. 5. (a)i- vi: Quasi particle amplitudes for
species 85Rb. (b)i - vi: Quasiparticle amplitudes for species 87Rb.
(ii),(iv),(vi) in both the row (a) and (b) represent the interface modes.
Whereas (i),(iii),(v) in row (a) denote the bulk excitations for 85 Rb
and those in row (b) are bulk excitations of 87Rb. Each set of quasi-
particles start from α = 1.0 and move towards α = 0.5. Excitation
energy corresponding to each set of u1(x, y) and u2(x, y) are men-
tioned at the top of each column. Here us are in units of a−1osc. spatial
coordinates x and y are measured in units of aosc.
To compare the structure of the interface and bulk modes
at higher momenta, we consider modes with k ∼ 1.85 and
plot of the quasiparticle amplitudes are shown in Fig. 12. The
plots correspond to the modes marked with maroon triangle
(N) in the dispersion curve in Fig. 5. In Fig. 12, the plots in
the top (bottom) row are the quasiparticles for 85Rb (87Rb).
Among these the plots labeled with even number (ii, iv, and
vi) are the interface modes and the other are the bulk modes.
Comparing the energies, top label in the plots, the interface
modes have energies which are more than double of the bulk
modes with similar k, and this is due to the localized nature of
the interface modes. The important trend discernible is the de-
crease in mode energies, for the same k, with the decrease in
α. This is on account of the reduced trapping frequency along
the y-axis. The other effect of the anisotropy is the deforma-
tion of the interface quasiparticle particle when the interface
changes from circular to planer geometry. The appearance of
the nonzero values in the central region in Fig. 12(a)(vi) is a
The other noticeable trend is the drastic transformation in the
quasiparticle amplitudes of 87Rb, which lies at the periphery,
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FIG. 13. (Color online) Quasiparticle amplitudes corresponding
to bulk excitations with relatively large-k for the immiscible (shell
structured) 85Rb -87Rb TBEC in space for α = 1.0. (a)i - iii: Quasi
particle amplitudes for species 85Rb which are composed of one ra-
dial nodes and m varying with mode energies. (b)i - iii: Quasiparti-
cle amplitudes for species 87Rb with two radial nodes andm varying
with mode energies like other species. In dispersion curves shown in
Fig. 5(a), these modes are marked with orange square (). Excita-
tion energy for each set of u1(x, y) and v1(x, y) are highlighted at
the top of the u1(x, y) Here u1s and v1s are in units of a−1osc. Spatial
coordinates x and y are measured in units of aosc.
with decrease of α. Compared to which the quasiparticle am-
plitudes of 85Rb, which occupies the core region, the changes
in their structure is not large.
A selected set of higher energy bulk modes, lower branch
in the dispersion curve, with larger number of radial nodes are
shown in Fig. 13. The modes chosen are marked with orange
square () in the dispersion curve which is shown in Fig. 5.
Like in the previous figures, u1(x, y) denotes the quasiparti-
cles for 85Rb atoms and these are given in Fig. 5(a)(i-iii). Sim-
ilarly, u2(x, y) correspond to those for 87Rb and are shown
in 5(b)(i-iii). The notable feature is that the quasiparticles of
85Rb have only one radial node whereas those of 87Rb have
two radial nodes.
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